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We r e d u c e  a Stefan p r o b l e m  with a b o u n d a r y  condi t ion  of the four th  k ind ,  u s ing  the  m e t h o d  of q u a s i -  
s t a t i o n a r y  s t a t e s ,  to the so lu t ion  of  a s y s t e m  of  two f i r s t - o r d e r  o r d i n a r y  d i f f e r e n t i a l  equa t i ons  in the un-  
knowns  of  the  b o u n d a r y  s e p a r a t i n g  the p h a s e s  and the bounda ry  t e m p e r a t u r e .  

In c a l c u l a t i n g  the w o r k  c y c l e s  of u n d e r g r o u n d  r e s e r v o i r s  of condensed  g a s e s  t h e r e  i s  c o n s i d e r a b l e  
i n t e r e s t  in the t e m p e r a t u r e  v a r i a t i o n  d y n a m i c s  i n s i d e  the r e s e r v o i r .  

If such a r e s e r v o i r  i s  s i t u a t e d  in a w a t e r - s a t u r a t e d  so i l ,  then a f t e r  it  i s  f i l l ed ,  the  so i l  beg in s  to f r e e z e  
o v e r  and the t e m p e r a t u r e  of the c o m p r e s s e d  g a s  b e g i n s  to i n c r e a s e  ( see  [1]). The  fo l lowing  two p r o b l e m s  
a r e  of  i n t e r e s t  f rom the poin t  of v iew of r a t i o n a l  o p e r a t i o n  of the  r e s e r v o i r :  a) A f t e r  how long a t i m e  tg i s  
the  t e m p e r a t u r e  T I- (t) of the  c o m p r e s s e d  g a s  r a i s e d  f rom i t s  i n i t i a l  t e m p e r a t u r e  T i to s o m e  t e m p e r a t u r e  
Tg,  de f ined  by t e c h n o l o g i c a l  c o n s i d e r a t i o n s  ? b ) W h a t m u s t b e t h e  t h e r m a l  r e s i s t a n c e  of  the  r e s e r v o i r  w a l l s  
so tha t  a f t e r  the  g iven  t i m e  tg the  t e m p e r a t u r e  T 1 (t) wi l l  not have  r i s e n  above  a p e n - n i s s i b l e  l e v e l ?  

We a s s u m e  tha t  the r e s e r v o i r  i s  a s p h e r e  of  r a d i u s  R 0. Then we f o r m u l a t e  the fo l lowing  p r o b l e m  for  
the d e t e r a n i n a t i o n  of Tg(t) .  

Suppose  that  the r e g i o n  e x t e r i o r  to the s p h e r e  of r a d i u s  R0 c o n t a i n s  w a t e r - s a t u r a t e d  so i l  with t e m p e r -  
a t u r e  To >0. Le t  the  i n t e r i o r  of  the  s p h e r e  be o c c u p i e d  by a wel l  m i x e d  l iqu id ,  which has  at  the t ime  t = 0  
a t e m p e r a t u r e  T i <0. We a s s u m e  a l so  tha t  th i s  s p h e r e  h a s  a known t h e r m a l  r e s i s t a n c e .  It i s  obv ious  that  
f r e e z i n g  of  the so i l  a round  the s p h e r e  c o m m e n c e s  at  s o m e  in s t an t  t= t* .  We d e t e r m i n e  the law of m o t i o n  
for  the b o u n d a r y  Rp(t) s e p a r a t i n g  the  p h a s e s  and the t e m p e r a t u r e  v a r i a t i o n  of the l iquid  i n s i d e  the  s p h e r e .  
To do th i s  we need to so lve  a Stefan p r o b l e m  having  the fo l lowing  b o u n d a r y  and in i t i a l  c ond i t i ons  [2.. 
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I t e r e  T i s  the t e m p e r a t u r e ,  t i s  the t i m e .  r i s  a v a r i a b l e  r a d i u s ,  R0 i s  the  s p h e r e  r a d i u s ,  R i s  the  
c o o r d i n a t e  of  the boundaIy  s e p a r a t i n g  the p h a s e s ;  •  2~. c, and p a r e ,  r e s p e c t i v e l y ,  the  t h e r m a l  dPffusivi ty  
c o e f f i c i e n t ,  the  t h e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t ,  the s p e c i f i c  hea t .  and the d e n s i t y ;  M_ i s  the  m a s s  of the  
c o m p r e s s e d  ga s :  S(R()) i s  the s u r f a c e  of the  s p h e r e ;  T O is  the i n i t i a l  so i l  t e m p e r a t u r e  and Tp is  the  p h a s e  
change  t e m p e r a t u r e ;  L i s  the  l a t e n t  hea t  of the p h a s e  t r a n s i t i o n ;  W i s t h e  m o i s t u r e  con ten t ,  the  s u b s c r i p t s  
1 and 2 r e f e r r i n g ,  r e s p e c t i v e l y ,  to the  f r o z e n  and thawed zones ;  the s u b s c r i p t  g i s  a t t a ched  to the  c o m -  
p r e s s e d  g a s  p a r a m e t e r s .  
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It is well known (see [3]) that for stat ionary boundary conditions of the f i rs t  and third kinds the small 
ra te  of movement  of the boundary separating the phases makes  it possible to usefully employ the quas is ta-  
t ionary method (see [4]). The slow ra te  of movement  of the boundary stipulates a slow change in the temp-  
era ture  of the compressed  gas inside the sphere,  since an a rb i t r a ry  isotherm T < 0 cannot fit the isotherm 
T = Tp= 0 (Tp is the phase transi t ion tempera ture  from water to ice). 

Then, following the method r e f e r r e d  to above, we have 

h~It~ ( T p - -  Tr)  ( - - ~ - - - 1 )  
T t ( r ) ~  Tp-- [hxR o ( l t p _  Ro)--  Iip] 

(2) 
('l'f,--- Tp) r r - -  Rio ] 

T, (r, t) = T,~ r n v erfc L 2 ]/'x-~ J 

The third and sixth conditions in Eq. (1), together with the Eqs. (2), yield a system of two ordinary 
differential equations in Rp(t) and Tg(t). 

In the dimensionless  var iables  

T Rp txl T F 

this system has the form 
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For  assigned initial conditions 
t ransi t ions  and to determine T*= t%t 
era ture  on the outer boundary of the 

The initial conditions will then 

it is necessary  to solve the corresponding problem without phase 
l/R0 ~ and n_('r~ = T (t*)/T i from the condition of equality of the temp- g 
sphere to ~he phase transi t ion temperature .  

have the form 

"% ( T*)- ~e, ~ (~*) - I (4) 

The system (3) with the initial conditions (12) can be solved on an electronic digital computer  using 
standard procedures .  

The method of solving problem a) is obvious. Knowing the solution of the system t3) with the initial 
conditions (4) for .r we determine the time 7g=tg~tl/Ro 2 from the condition 

If we neglect the thermal  res i s tance  of the hull, then in place of the initial conditions t4) we shall 
have 

{ }g (0 )  . :  t ,  ~ (0) = t ( 5 )  

which simplifies our problem since the pa rame te r s  determined from the problem without phase transit ion 
all vanish. The system corresponding to this case is obtained from Eqs. (3) by letting h - -~ .  

If we neglect the heat flow from the thawed zone, which in the major i ty  of pract ical ly important  cases  
is small by virtue of  the insignificant difference of the initial soil tempera ture  and the phase transit ion 
tempera ture ,  then from the system (3) we obtain 

dog 3c1p1 h (~p -- t~g)|~ } [6) 
dv - Cgp e [ h ( ~ - - l ) . t , : ] l  

d~ c,p~T i h (~ 'p- -~g)  
"dx --  L?zI~V [h (~--- t ) +  ~] (7) 
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The initial  conditions for  this sys tem a re  given by equations (5). The 
solution of the sys tem (6), t7) may  be found in tei~ns of quadra tu res .  Divid- 
ing Eqs.  (6) by Eq. (7). we have 

d~)g 3L?zW ~2 (8) 
d~ -- cgpgT t 

O,g tl) - I 

F rom this it follows that 

(9) 

Og (~) __Lp,2 W (rgpgTs (~a __ ]) ~- ] (10) 

We note f rom Eq. (8) that the cu rves  ~g(~) a re  independent of the p a r a -  
m e t e r  h. Phys ica l ly  this m e a n s  that for  an a r b i t r a r y  the rmal  r e s i s t a n c e  
the re  c o r r e s p o n d s  to a definite t e m p e r a t u r e  inside the sphere  a defini te  posi -  
tion of the boundary separa t ing  the phases .  The role  of h is  then reduced 
m e r e l y  to influencing the r a t e  at which this s tate  is at tained.  

Substituting Eq. (10) into Eq. (7) and ca r ry ing  out the integrat ion,  we obtain 

t f b - - t  ' H", b-"-b~-;-~: ~ ; 3 b ( - ~ - - l )  [ 
T=: -~ / a~ (b - -H)  ln--b_~ - ' l bT \  - ~ ] l n  b '- '+b t-1 ~ ~3-H[arctg 2b2+b+b~_r2~ " J 

( c l P i H  h (0, = 1) cgPzr~ ) 
%p~ ' : ~ 4 - 3 '  ~ ' ~ 1 -  Z ~  

(11) 

For  p rob lem a) we obtain the des i r ed  t ime  ~'g f rom Eq. (11) by substi tut ing 4-  into the r ight  hand 
side for 4; ~g is obtained uniquely f rom Eq. (10)in t e r m s  of the assigned temperatuBre Og i. 

Under these  same  as sumpt ions  we can also find the solution of problem b) in explici t  fo rm.  

To do this we solve Eq. (11) for h. where in  all the insulation p a r a m e t e r s  make  the i r  appearance:  

[ b'~-- i "f  [ lZ~b(~-- ')  ] 
h=  b ln~_~J~3bav- -  V~arc tg 2b~-!-b4-b5-! 2~, -- (12) 

(bS__l)b(b,Z.§ 1)3, }-1 
- -  in  ( b s _  5~) ~ (b -~ -!- b5 - -  P ) " :  

Substituting rg  
find the n e c e s s a r y  value of h. 

If the denomina to r  in Eq. (12) vanishes ,  then h = ~, i .e.,  the curve  

3bay-- V'3-arctg[ 2b~-:':_~_,_b~-~2~~/3-b(~ -- 1) , ] _  in [ (ba-- l) b (b'-'-[- + b  1)" 1 0 
(b-- ~)b (b 2 q. b-~ -~- ~fl)3., a 

shown in the f igure,  is the solution ~ (r) of the sys tem (6). (7) in the absence  of insulation. 

The quantity b here  is the d imens ion l e s s  l imit ing radius  for  the boundary of f reez ing .  

The problem in which insulat ion is needed is  solved by having the point (r , ~_) fall into the shaded g g 
region of the f igure.  When the point l ies  outside this region the conditions of p rob lem b) a re  sa t is f ied.  
also without insulation. 

in place  of T and ~g. obtained f rom Eq. (10) for a known value of 3g, in place of 4, we 
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